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CALCULATION OF TRANSITORY REGIMES IN THE COMBUSTION OF 
SOLID FUEL IN A CHANNEL 

V. B. Librovich and G .  M. Makhviladze 

ABSTRACT. Transitory regimes are studies for diffusion 
combustion oc~urring when an oxidizer is added from outside 
the solid fuel composition. Transition from one regime to 
another is detected by a change in oxidizer consumption. 
To calculate the transitory regimes a combustion model is 
used, based on the limiting role of mass transfer. Pressure 
changes are observed which lag behind changes in oxidizer 
feed, as we1 1 as transitory regimes characterized by fornia- 
tion of dynamic gas waves which cause pressure pulsations 
alternately reverberating from the front of the channel to 
the jet. A system of equations describing the static and 
transitory regimes of combustion, and a finite differential 
method for integrating them, are proposed. The behavioral 
laws of the solutions are evaluated. 

The case of powders which include oxidizing agents in their colnposition 

is examined in [I-81 in research on transitory combustion processes in solid 

fuels. In [I-31, Ya. B. Zel'dovich gave a theory of dyna~nic combustion pro- 

cesses in such fuels. One paper [4] is devoted to the numerical calculation 

of the transitory processes from a stable combustion regime at a single 

pressure to a stable regime at another pressure by computer. In [ S ] ,  with 

the aid of integral correlations, an analytical expression is derived for 

instantaneous and exponential pressure changes of dynamic powder combustion 

velocity. The effect of harmonically changing pressure on the combustion 

rate of powder is studied in [ 6 ] .  Research was done in [7] on experimental 

dynamic processes in powder combustion. 

Transitory regimes are examined below for diffusion comSustior~ which 

takes place when an oxidizer is added from without and is not included in 

the solid fuel composition. Transition from one regime of combustion to 

another is given by change in consumption of the oxidizer. Models of 

combustion for such systems were proposed in [ 9 ,  101. In calculating the 
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t r a n s i t o r y  regimes a  co~nbus t io~ l  ~rloclel i s  used ~ ~ ~ h i c h  i s  based on t h c  lintitin:: 

r o l e  of mass t r a n s f e r  dur ing  d i f f u s j o n  combustion [ l o ] .  Because of t h e  

f i n i t e  t ime of d i scharge  of t h e  f u e l  cha~ lne l  through t h e  j e t  (rillen o x i d i z e r  

feed decreases)  o r  f i l l i n g  up (when ox id i ze r  consumptj on inc reases )  , channel 

p re s su re  w i l l  l a g  behind changes i n  oxid izer  f e e d .  In  a d d i t i o n ,  t r a n s i t o r y  

regimes a r e  cha rac t e r i zed  by formation of dynamic gas waves i n  t h e  channel 

which cause p r e s s u r e  p u l s a t i o n s ,  a l t e r n a t e l y  r e v e r b e r a t i n g  from t h e  f r o n t a l  

and j e t  p a r t s  of t h e  channel .  The combustion r a t e  of  s o l i d  f u e l  depends on . 
t h e  mass v e l o c i t y  of gas flow, and t h e r e f o r e  burnout  of t h e  channel occurs  

i r r e g u l a r l y .  A system of equat ions  desc r ib ing  s t a t i c  and t r a n s i t o r y  regimes 

of combustion and a  f i n i t e  d i f f e r e n t i a l  method f o r  i n t e g r a t i n g  it a r e  pro-  

posed. The behav io ra l  laikrs of t h e  s o l u t i o n s  obta ined  a r e  eva lua ted .  

1 .  S e t t i n g  Up t h e  Problem. Let t h e  f u e l  be  i n  t h e  form of a  c y l i n d r i -  

c a l  c a r t r i d g e  wi th  an a x i a l  channel of r a d i u s  R,  through which floris a  s t ream 

of o x i d i z e r .  Axis x  i s  d i r e c t e d  along t h e  symmetrical a x i s ;  x  = 0 co inc ides  

with t h e  beginning of  t h e  channel .  I t s  l eng th  i s  I .  The channel i s  choked 

with a  supersonic  j e t .  1Ve w i l l  u s e  t h e  fo l lowing  suppos i t i ons  f o r  s o l u t i o n  

of t h e  problem. 

lo .  Flow i s  one-dimensional and t u r b u l e n t  a long t h e  whole l eng th  of 

t h e  channel .  Here we d i s r ega rd  i r ~ e q u a l i t i e s  of  flow i n  t r a n s v e r s e  d i r e c t i o n s  

y  and z, which can appear a s  a  r e s u l t  of expansion o r  d i s t o r t i o n  of  t h e  

channel w a l l s ,  e ros ion  of combustion products  o f f  t h e  wa l l s ,  and t h e  r e s u l t s  

of v i b r a t i o n  o r  f u e l  passage.  The s u i t a b i l i t y  of  t h i s  hypothesis  i s  supported 

by t h e  f a c t  t h a t  gas motion i n  a  channel has a  t u r b u l e n t  c h a r a c t e r ,  whi le  

tu rbulence  is  i n t e n s i f i e d  by t h e  i n j e c t i o n  of f u e l  and mass a s  a  r e s u l t  of 

t h e  chemical combustion r e a c t i o n  t ak ing  p l a c e  along t h e  wa l l s  ( see  2 ' ) .  Note 

t h a t  t h e  one-dimensional model supposes complete mixture of o x i d i z e r  and f u e l  

products  i n  each channel c r o s s  s e c t i o n .  

2 ' .  In  t h e  channel,  d i f fu s ion  combustion t a k e s  p l ace  on t h e  wa l l s  

( t h i s  model i s  eva lua ted  i n  [ l o ] ) ,  i . e . ,  a  d i f f u s e d  flame of chemical r e a c t i o n  

products  r i s e s  over t h e  f u e l  s u r f a c e  from t h e  vapor i za t ion  of t h e  s o l i d  f u e l  - /34 

and t h e  gaseous o x i d i z e r  washing i t s  su r f ace ;  i t  i s  l oca t ed  wi th in  t h e  



boundary l a y e r ,  Note t h c  d i s t a n c e  from t h e  flame t o  t h e  f u e l  s u r f a c e  i s  

i n v e r s e l y  propol t iona l  t o  t h e  co~nbusti  on r a t e  [ l o ]  . Therefore t h e  propos i -  

t i o n  made he re  i s  v a l i d  a s  long a s  t h e  o x i d i z e r  concen t r a t ion  i n  t h e  s t ream 

i s  not  t oo  smal l .  Actua l ly ,  a s  ox id i ze r  c o n c e ~ l t r a t i o n  decreases  ( t h a t  i s ,  a s  

x  i n c r e a s e s ) ,  t h e  d i f f u s e d  flame moves away from t h e  s o l i d  f u e l  su r f ace ;  

therefore it i s  a l l  t h e  more s u b j e c t  t o  t h e  e f f e c t  of t h e  t u r b u l e n t  s t ream.  

A s  a  r e s u l t ,  t h e  flame deforms and becomes t a t t e r e d ;  breaks may appear on i t s  

su r f ace ;  then  another  mechanism of s o l i d  f u e l  demol i t ion  begins t o  p l ay  a  . 

q u a l i t a t i v e  r o l e ,  and t h a t  i s  a b l a t i o n .  Therefore  we w i l l  cons ider  t h e  

channel being no t  t o o  long,  and t h e  Reynolds number (determined by t h e  com- 

bus t ion  r a t e )  no t  very  h igh .  S ince  t h e  flame i s  d i s t r i b u t e d  i n  t h e  depth 

of t h e  boundary l a y e r ,  we w i l l  cons ider  t h e  chemical r e a c t i o n  t o  be concen- 

t r a t e d  a t  t h e  channel w a l l s .  

3'. Gas i s  cons idwed  a s  t h e  i d e a l  cons t an t  of molecular  weight.  

4'. We w i l l  a l s o  d i s r ega rd  t h e  change of shape and s i z e  of t h e  channel 

i n  t h e  course  of  t h e  t r a n s i t i o n  process .  

5". We w i l l  d i s r e g a r d  t h e  dependence o f  thermal  e f f e c t  on gas flow 

parameters ,  i , e . ,  we w i l l  cons ider  t h e  burned f u e l  l a y e r  a s  i n s t a n t l y  changing 

t o  t h e  gas flow s t a t e .  

6 " .  Gas motion i s  t u r b u l e n t  by n a t u r e ,  t h e r e f o r e  it i s  n a t u r a l  t o  

d i s r e g a r d  phenomena of molecular t r a n s f e r  a l s o ,  

2 .  T h e  Equations and Boundary Condit ions.  Before we w r i t e  a  system of 

equat ions ,  we w i l l  'show t h a t  combustion r a t e  of a  s o l i d  f u e l  can be w r i t t e n  

i n  t h e  form 

Here m i s  t h e  mass combustion r a t e  of t h e  s o l i d  f u e l ,  a  i s  t h e  r e l a t i v e  

weight concen t r a t ion  of o x i d i z e r ,  B and n  a r e  cons t an t  va lues ,  and j  i s  t h e  m 
mass v e l o c i t y  of gas  f low.  

Expression (2.1) can be obtained f o r  combustion r a t e  u s ing  t h e  cond i t i on  

of s t o i c h i o m e t r i c  c o r r e l a t i o n  between f u e l  and o x i d i z e r  c u r r e n t s  i n  t h e  

d i f f u s e d  flame and c a l c u l a t i n g  t h e  mass t r a n s f e r  c o e f f i c i e n t  from the  c r i t i c a l  



connec t io~ l  between Nussel t' s  d i f f u s i o n  number, Reynolds and Prancltl numbers 

and t h e  r e l a t i o n s h i p  of t h e  r a t e  of gas  flowing out from t h e  f u e l  t o  t h e  

long-term r a t e  of o x i d i z e r  flow [ l o ] .  

For t h e  b a s i c  equat ions we will u s e  t h e  one-dimensional gas-dynamic 

equa t ions ,  accounting f o r  hea t  sources  and masses concent ra ted  on t h e  w a l l s .  

S ince  t h e  va lues  of gas consumption, i t s  concen t r a t ion ,  and a l s o  enthalpy 

w i l l  be given i n  a  c a l c u l a t i o n  o f  t h e  modes a t  ' the channel en t r ance ,  it i s  

convenient  t o  w r i t e  t h e  system of equat ions  i n  dependent v a r i a b l e s  j , p ( g a s  

p re s su re ) ,  a ,  H (gas  en tha lpy) ,  u s ing  (2 .1)  f o r  m .  

In t roducing  t h e  a b s t r a c t  v a r i a b l e s  ( i nd ica t ed  by a  prime- ' )  

The index below marks t h e  va lue  o f  a  given quarl t i ty  a t  c r o s s  s e c t i o n  

x = 0 ,  Q is t h e  e f f e c t i v e  thermal e f f e c t  of  combustion on t h e  u n i t  weight of 

t h e  s o l i d  f u e l ,  t i s  t ime.  

In t h e s e  v a r i a b l e s  ( t h e  psi-mes a r e  dropped h e r e a f t e r )  t h e  system of  

equat ions  has  t h e  f  or111 

Here w, f ,  and s a r e  single-column mat r ices  wi th  t h e  components 



Here y i s  an index of a d i a b a t i c  gas ,  v = ( v2  + 1) a  s t o i c h i o m e t r i c  
1 

c o e f f i c i e n t .  

For t h e  s o l u t i o n  of t h i s  system, t h r e e  boundary cond i t i ons  a r e  s e t  a t  

t h e  channel  i n l e t :  

The f u n c t i o n  h ( t )  g ives  t h e  t r a n s i t i o n  from one combustion mode t o  

ano the r .  For t < 0 l e t  a  cons t an t  d i s p e r s i o n  of o x i d i z e r  be  maintained a t  
2 t h e  channel  entrance,  equal  t o  a  j nR . A s  a  r e s u l t ,  a  c e r t a i n  s t a b l e  com- 

0 0  
b u s t i o n  mode has been e s t a b l i s h e d  which corresponds t o  t h i s  consumption of 

o x i d i z e r .  The corresponding s t a b l e  s o l u t i o n  found below t i i l l  s e r v e  a s  t h e  

i n i t i a l  cond i t i on  f o r  s o l u t i o n  of  t h e  dynamic system o f  equat ions  ( 2 . 3 ) .  

Then, beg i~ ln ing  a t  momellt t = 0,  a  sha rp  change i n  o x i d i z e r  consumption t a k e s  

p l a c e  by a  f a c t o r  of s e v e r a l  f o l d ,  g iv ing  func t ion  h ( t ) ,  and causing t r a n s i -  

t i o n  t o  another  s t a t i o n a r y  combustion mode corresponding t o  t h e  new consump- 

t i o n  o f  o x i d i z e r .  

The f o u r t h  boundary cond i t i on  i s  considered a s  t h e  presence  of a Lava1 

nozz le .  If we cons ider  t h e  flow of gas through t h e  nozz le  t o  be  q u a s i s t a b l e ,  

forming i n  t h e  gaseous s t a t e  a t  t h e  nozz le  i n l e t ,  t hen  we can u s e  t h e  f a m i l i a r  

express ion  

0 
Here A i s  t h e  c o e f f i c i e n t  of gas  flow through t h e  nozz le ,  R i s  a  gas 

cons t an t ,  T  i s  t h e  temperature i n  t h e  gas f low,  R, i s  t h e  r a d i u s  of t h e  , 
c r i t i c a l  nozz l e  c ros s  s e c t i o n ,  s u b s c r i p t  I is t h e  va lue  of t h e  given q u a n t i t y  

i n  c r o s s  s e c t i o n  x = 2 .  I s o l a t i n g  t h e  temperature func t ion  i n  (2.6) and 

t ransforming  t o  t h e  a b s t r a c t  v a r i a b l e ,  we have 



3. So lu t ion  of t h e  S t a b l e  Combustion Problem i n  the  Fuel Channel. We 

w i l l  f i n d  t h e  s t a b l e  s o l u t i o n  of t h e  system of equat ions  ( 2 . 3 )  with boundary 

condi t ions  (2 .5)  and ( 2 . 7 ) .  ( In  t h i s  case  h ( t )  I 1 ) .  Omitting t h e  products  

of t i n  (2.3) and combining t h e  l a s t  t h r e e  equat ions  wi th  t h e  f i r s t ,  we ob- - /36 

t a i n  t h e  f u n c t i o n  p ,  H ,  a  of  j ,  po and of t h e  boundary cond i t i ons  f o r  x = 0.  

S u b s t i t u t i n g  t h e  express ion  f o r  a  i n  t h e  f i r s t  s t a b l e  equat ion of 

system ( 2 . 3 ) ,  we o b t a i n  a  d i f f e r e n t i a l  equat ion  d e s c r i b i n g  the  change o f  gas  

flow along t h e  channel a x i s :  

For random v a l u e s  it can only be  i n t e g r a t e d  numer j ca l ly l ,  b u t  we can 

o b t a i n  a n a l y t i c a l  express ions  f o r  n = 0 . 5  and n  = 1 .0 ,  which major izes  t h e  

r e a l  func t ion  j = j (x)  f o r  0 .5  < n < 1 above and below. These express ions  

a r e  given as 

l ~ o r  numerical c a l c u l a t i o n ,  t h e  Euler ian  method was used. The i n t e r v a l  of  
va lues  from 0  t o  1 was d iv ided  i n t o  100 p a r t s ,  s o  t h a t  xi = iAx, where Ax = 

= 0.. 01, i = 0,  1, 2, . . . , 100. The te rmina l  d i f f e r e n t i a l  equat ion  correspond- 
ing  t o  d i f f e r e n t i a l  equat ion  (3.2) has  t h e  form 

This equat ion  a l lows  c a l c u l a t i o n  of flow j f o r  each x .  The r e s u l t s  of ca l cu -  
l a t i o n  a r e  given i n  F igure  1. Curve 3  was obta ined  by numerical c a l c u l a t i o n  
f o r  n  = 0.76, curves  6  and 7 were p l o t t e d  f o r  n  = 1 and n  = 0 .5  ( t h e  remaining 
parameters a r e  i d e n t i c a l ) .  From t h e  Figure we s e e  t h a t  t h e  s t a t i c  s o l u t i o n  
can be obtained wi th  good accuracy from (3.3)  and (3 .4)  . 



Froin (.3';2) we can determine t h e  

q u a n t i t y  j lVriting t h e  second 2 ' 
and t h i r d  eqttation of t h e  system 

(3 .1)  where x = 7, and us ing  t h e  

boundary cond i t i on  (2.7)  , we o b t a i n  

a system of equat ions  from which we 

f i n d  t h e  func t ion  of t h e  p r e s s u r e  

F i g u r e  1 .  q u a n t i t y  a t  t h e  channel i n l e t  p of  
0 

Now from (3.1)  it is  easy t o  f i n d  a l l  t h e  remaining func t ions .  

In  c a l c u l a t i n g ,  we used  d i f f e r e n t  va lues  of a b s t r a c t  parameters  which 

e n t e r  i n t o  t h e  equat ions  and boundary c o n d i t i o n s .  

lo .  Let y = 1.276,  K = 0,3182, Q = 33.33 a = 0.22, n = 0.76, v = 4.43.  
0 1 

With t h e s e  va lues  c a l c u l a t i o n  was made f o r  K = 0.0906, K2 = 0.0822, and 1 
K = 0.1070. 3 

Parameter K corresponds t o  tw ice  t h e  consumption of o x i d i z e r  a t  t h e  
1 - /37 

channel i n l e t  t han  does parameter  K3, and parameter  K f o r  1 . 5  t imes  t h e  
2 

ox id i ze r  consumption o f  K ( o the r  parameters  a r e  i d e n t i c a l . ) .  
1 ' 

The s t a t i o n  s o l u t i o n s  obta ined  a r e  i l l u s t r a t e d  i n  F igure  1 and a r e  

shown by numbers 1, 2 and 3 corresponding t o  K.  Po in t  x = 1 . 0  on t h e  a x i s  of 

. t h e  a b s c i s s a  corresponds t o  t h e  channel end. 

Note t h a t  towards t h e  end of t h e  channel f o r  c a s e  1, t h e r e  i s  a flow 

inc rease  of  21.3%. The q u a n t i t y  of o x i d i z e r  c a r r i e d  ou t  with t h e  gas flow 

through t h e  nozz le  i s  20.7% of  t h e  q u a n t i t y  of  o x i d i z e r  e n t e r i n g  i n t o  t h e  

channel .  From t h e  t h i r d  equat ion  of t h e  b a s i c  system (2 .3)  we have 



where M i s  t h e  Mach nu r t~bc~ .  Inasmuch a s  motion i n  t.he channel i s  subs tan-  

t i a l l y  subsonic ,  (Mo = 0.08, MZ = 0.13 f o r  case  I ) ,  p r e s su re  a long  t h e  

channel a x i s  i s  i n s i g n i g i c a n t :  Po 
= 5.66 and f a l l s  a t  t h e  end of t h e  channel 

t o  1 .5%.  

Enthalpy of gas i n  t h i s  case  i n c r e a s e s  by 114% toward t h e  f i n a l  c r o s s  

s e c t i o n  of t h e  channel .  Thus t h e  r e l a t i v e  i n c r e a s e  of mass fl-ow i s  cons ider -  

ab ly  l e s s  t han  t h e  r e l a t i v e  i n c r e a s e  i n  gas en tha lpy .  

F i n a l l y ,  we in t roduce  t h e  va lues  f o r  t h e  t ime t h e  gas proceeds along 

t h e  channel ( o r  t ime f o r  t h e  f u e l  channel t o  empty) t = 12.5 ,  and t ime of 1 
sound i n t e r f e r e n c e  d i s p e r s i o n  t = 1 .4  ( f o r  a l l  t h r e e  c a s e s ,  t h e s e  charac-  

2 
t e r i s t i c  ' t imes a r e  p r a c t i c a l l y  i d e n t i c a l ) .  

2'. Suppose y = 1.283, K = 0.5141, Q = 36.50, a  = 0.21, n = 0.76,  
0  

v 4.43. These parameters  were used i n  c a l c u l a t i o n  f o r  K = 0.1447 and 
1 4  

K = 0.0935. 
5  

Parameter K corresponds t o  a  consumption of o x i d i z e r  a t  t h e  channel 
5 

i n l e t  6.17 times g r e a t e r  than  K ( t h e  o t h e r  parameters  be ing  t h e  same). 
4 

The s o l u t i o n  f o r  t h e s e  trio ca ses  i s  en tered  i n  F igure  1 and shown by 

numbers 4  and 5  corresponding t o  K .  The r e g u l a r  behavior  of t h e  s o l u t i o n  

i s  t h e  same a s  i n  c a s e  lo .  In  t h i s  c a s e  t = 7.1', and t = 1 .2 .  
1 2 

4 .  I n t eg ra t ion  of the Dynamic Equat ions.  The dynamic problem was 

solved numer ica l ly  us ing  t h e  two-sloped p l a i n  d i f f e r e n t i a l  system of  second- 

o r d e r  accuracy proposed i n  [ l l ] .  A r t i f i c i a l  ; i s c o s i t y  (needed f o r  automatic  

c a l c u l a t i o n  of  sk ips )  appears  i n  (4.1)  i n  i m p l i c i t  form because approximation 

of t h e  d i f f e r e n t i a l  equat ions  i s  t e r m i n a l - d i f f e r e n t i a l .  A l l  v a lues  a r e  

c a l c u l a t e d  a t  t h e  l a t t i c e  co rne r s  x i , =  iAx, i = 0,  ..., 100; t = m A t ,  

m = 0 . 1 . . .  Wri t ing out  t h i s  diagram, 

wi (1 f At) == wi( t )  - - ( W A X )  [jiTli2 ( t  -1- I/: At)  - fi-,,, ( t  3 I/.? A t ) ]  +- Atsi ( t  f A t )  



4 

A l l  va lucs  a r c  c a l c u l a t e d  f i r s t  a t  t h e  semi-ir:tegral s t a g e  a t  t h e  

moment t + 1/2 A t  f o r  t h e  system a t  t h e  f i r s t  o rde r  of  accuracy ( t h e  f i r s t  

of equat ions  (4 .1) )  alld then  a t  t h e  moment t + A t  u s ing  t h e  va lucs  a t  t h e  

semi- . in tegra l  l e v e l ,  s o  t h a t  t h e  r e s u l t a n t  system (4.1)  has  second-order 

I n  o rde r  t o  improve t h e  q u a l i t y  of c a l c u l a t i o n ,  a  smooth [exponent ia l )  

t r a n s i t i o n  t o  t h e  new consun~ption of o x i d i z e r  i s  used i n  p l a c e  o f  a  sha rp  

drop,  i . e . ,  

I$ ( t )  = +- (1 - k )  ,-hnlJ' (4 .2)  

Here k i s  t h e  f i n a l  gas  flow a t  t h e  channel i n l e t  ( t h e  i n i t i a l  flow - / 3 8  

equals  1) i n  t h e  t r a n s i t o r y  regime; X i s  s e l e c t e d  s o  t h a t  t h e  new consumption 

o f  o x i d i z e r  i s s u f f i c i e n t l y  and r a p i d l y  e s t a b l i s h e d .  Ca lcu la t ions  were made f o r  

t h r e e  c a s e s .  S tud ie s  were made f o r  k = 6.17,  0 . 5  and 1 . 5 .  

In  o rde r  t h a t  t h e  s e l e c t e d  d i f f e r e n t i a l  system would be  s t a b l e  ( i .  e . ,  

s o  t h a t  small e r r o r s  a r i s i n g  i n  t h e  c a l c u l a t i o n  process  would n o t  m u l t i p l y ) ,  

c o r r e l a t i o n  of  s t e p s  i n  t ime and coord ina t e  had t o  s a t i s f y  t h e  Courant- 

Fr iedr ichs-Levi  s t a b i l i t y  c r i t e r i a ,  i . e . ,  

?nax (lr[1 -b C) A t / A x  < 1 
X 

- 

The s t e p  along x  was s e l e c t e d ,  a s  i n  t h e  s t a b l e  case  (Ax = 0.01 i n  t h e  

a b s t r a c t  form) gas v e l o c i t y  u  and sound c were eva lua ted  on a  s t a b l e  tempera- 

t u r e  p r o f i l e ,  a f t e r  which t h e  q u a n t i t y  A t  was c a l c u l a t e d .  Boundary p o i n t s  

were c a l c u l a t e d  t o  f i v e  p l a c e s .  Ca lcu la t ion  was stopped when t h e  d i s t r i b u t i o n  

of a l l  q u a n t i t i e s  became c l o s e  t o  t h e i r  f i n a l  s t a b l e  d i s t r i b u t i o n .  

5. Evaluat ion o f  t he  Resul t s .  

lo. First l e t  u s  exanline t h e  manner i n  which t r a n s i t i o n  f o r  k = 6.17 

o c c u r s , . i . e , ,  from the  s t a b l e  regime corresponding t o  K = 0.1447 t o  t h e  new 4  
s t a b l e  regime corresponding t o  K = 0.0935 ( t h e  remaining numerical  parameters  

5 
a r e  a s  i n  2' and 3 " ) .  

I n  F igure  2a and 2b, d i s t a n c e s  a r e  l a i d  out  a long t h e  a x i s  of t h e  

a b s c i s s a  from t h e  channel i n l e t  t o  t h e  i n l e t  of t h e  j e t ,  and p o i n t  x  = 1 .0  
4 



corresponds t o  t h e  i n l e t  of t h e  channel .  Abs t rac t  p r e s s u r e  (Figure 2a) and 

temperature (F igure  2b) a r e  l a i d  out  along t h e  o r d i n a t e  a x i s .  A s t e p  along 

t h e  coord ina te  is Ax = 0.01; a  s t e p  i n  t ime i s  A t  = 0.0075. The s o l u t i o n s  

a r e  recorded a t  va r ious  moments i n  t ime.  The t ime s c a l e  AT = 0.3075, i . e . ,  

t h e  curve i n d i c a t e d  by t h e  number 3 ,  i s  t h e  s o l u t i o n  a t  t h e  moment 3AT 

(several  o f  t h e  i n t e r i m  curves a r e  n o t  drawn i n  s o  a s  n o t  t o  confuse t h e  

i l l u s t r a t i o n ) .  

The upper curve i n  Figure 2a 

i s  t h e  f i n a l  s t a b l e  p re s su re  p r o f i l e  

(K = K ) ,  t h e  lower i s  t h e  i n i t i a l  
5 

s t a t i o n a r y  p r e s s u r e  p r o f i l e  

( K  = K ) .  The t ime a t  wl~ich t h e  
4  

new d i s p e r s i o n  of ox id i ze r  is  es -  

t a b l i s h e d  a t  t h e  channel en t rance  

equals  AT. 

From t h e  graphs it can b e  seen 

t h a t  a f t e r  a  change i n  d i s p e r s i o n  

of  t h e  o x i d i z e r  a  shock wave begins 

t o  spread  along t h e  channel ( i n  a l l  

f i g u r e s  t h e  d i r e c t i o n  of wave d i s -  

t r i b u t i o n  i s  ind ica t ed  by an arrow),  

which upon reaching  t h e  nozz le  i s  

r e f l e c t e d  from it and begins t o  

spread  back i n  t h e  oppos i te  d i r e c t i o n ,  

a f t e r  which it r e f l e c t s  from t h e  l e f t  

Figure 2, boundary, e t c .  I t s  i n i t i a l  i n t e n s i t y  

Ap/pl = 0.4 ( t h e  r a t i o  of p re s su re  drop along t h e  wav.e f r o n t  t o  p re s su re  

t h e  undis turbed  r e g i o n ) .  I n  curve 2  we f i n d  a  depress ion .  This  t e l l s  of 

t h e  appearance of a  r a r e - f a c t i o n  wave a r i s i n g  a s  a  r e s u l t  of t h e  drop-off  

i n  t h e  developing de tona t ion .  

F igure  2b ( see  curves 2 and 3) shows t h a t  h e a t i n g  of t h e  gas by t h e  

shock wave i s  s i g n i f i c a n t .  We w i l l  eva lua t e  t h e  amount of temperature i nc rease  



of t h e  gas along t h e  wave f r o n t  a t  moment 3Arl'. Knowing ~ p / p ~ ,  from t h e  

Rankine-Gugonio c o r r e l a t i o n ,  we f i n d  t h a t  t he  r a t i o  of  gas temperature behilld 

t h e  shock wave t o  temnperature i n  t h e  undis turbed  reg ion  equals  1 .08 .  This  

. corresponds t o  t h e  r a t i o  of t h e s e  temperatures  c a l c u l a t e d  f o r  curve 3 i n  

Figure 2b. Note t h a t  gas temperature a t  t h e  channel end i n  t h e  i n i t i a l  

s t a b l e  s t a t e  i s  h ighe r  than  gas temperature a t  t h e  f i n a l  s t a b l e  s t a t e  by 

1 .07  times (curves denoted by l e t t e r s  a  and b a r e  t h e  i n i t i a l  and f i n a l  s t a b l e  

d i s t r i b u t i o n s ) ;  however, because of gas h e a t i n g  by t h e  shock wave, i t s  tern-. . 

p e r a t u r e  may be  h ighe r  than  o r i g i n a l l y .  Upon r e f l e c t i o n  of t h e  wave from t h e  

j e t  (Figure 2a, curve 6) a  bo t t l eneck  of gas a t  h ighe r  temperature i s  formed 

(Figure 2b, curve 6 ) .  Then i t  begins t o  s e t t l e  down slowly a s  t h e  gas e x i t s  - /39 

through t h e  j e t .  Temperature g radua l ly  decreases  t o  s t a b l e  corresponding 

t o  K = K (Fi-gure 2b, curve 54) .  
5 

The shock wave d i s p e r s e s  t o  t he  l e f t  boundary with a  v e l o c i t y  approxi-  

mately two t imes l e s s  ( r e l a t i v e  t o  t h e  channel wal l )  i n  comparison t o  t h e  

d i s p e r s i o n  r a t e  of t h e  wave towards t h e  j e t .  This  i s  explained by t h e  f a c t  

t h a t  t h e  wave i s  moving i n  t h e  d i r e c t i o n  oppos i t e  t h e  d i r e c t i o n  of gas flow. 

The v e l o c i t y  of t h e  shock wave r e l a t i v e  t o  t h e  wa l l  i s  twice  t h e  speed of 

sound ( eva lua t ion  p e r  curves 2 and 3 i n  Figure 2a ) .  

Re f l ec t ion  of  t h e  shock wave from t h e  boundaries  resembles r e f l e c t i o n  

from s o l i d  w a l l s .  This  i s  explained by t h e  f a c t  t h a t  t h e  gas v e l o c i t y  i n  

t h e  channel i s  i n s i g n i f i c a n t ;  t h e r e f o r e ,  i n  t h e  t ime of r e f l e c t i o n  of t h e  

wave froin t h e  boundary, only an i n s i g n i f i c a n t  p a r t  of it manages t o  pas s  i n t o  

t h e  j e t .  

Upon r e f l e c t i o n  of t h e  shock wave front t h e  j e t  a  small  second hump i s  

formed i n  i t s  p r o f i l e ,  apparent ly  a s s o c i a t e d  Gi th  the  genera t ion  of a  wave 

of  r a r e f a c t i o n  dur ing  r e f l e c t i o n  from t h e  j e t  . 
The shock wave a t t e n t u a t i o n  which i s  observed i n  Figure 2a occurs  mainly 

i n  amplitude. A t t en tua t ion  of t h e  wave i s  accompanied by eros ion  of  i t s  

f r o n t .  Reduction of  wave i n t e n s i t y  t akes  p l ace  because:  



a) a p o r t i o n  of t h e  gas a t  t h e  t ime of r e f l e c t i o n  manages t o  e n t e r  

t h e  j e t  ; 
I 

b) i n t e r a c t i o n  of compression and r a r e f a c t i o n  waves occurs ;  

c )  t h e  wave i s  d i spersed  i n  a  non-uniform medium ( p a r t i c u l a r l y  a f t e r  

be ing  r e f l e c t e d  from t h e  j e t ,  t h e  wave d i s p e r s e s  i n  gas whose p re s su re  i n -  

c r e a s e s  a s  x  dec reases ) .  

A s  seen  from Figure 2a, a t t e n u a t i o n  of  t h e  wave i n  t h i s  ca se  i s  q u i t e  

s i g n i f i c a n t  dur ing  i n t e r a c t i o n  wi th  t h e  gas be ing  f e d  i n t o  t h e  channel 

(curves 6  and 9 ) ,  i . e . ,  f o r  t h e  t h i r d  reason .  

At tenuat ion  tiine of t h e  wave (here i s  meant a  n o t i c e a b l e  r educ t ion  i n  

i t s  i n t e n s i t y )  and t r a n s i t i o n  t o  a  new s t a t i o n a r y  regime will be  given below. 

Af t e r  a t t e n u a t i o n  of t h e  shock wave a  gradual  climb i n  p re s su re  t akes  

p l a c e  almost t o  t h e  f i n a l  s t a b l e  d i s t r i b u t i o n  because of  t h e  d i s t r i b u t i o n  

a long  t h e  channel of a  l ow- in t ens i ty  compression wave ( they  a r e  t h e r e f o r e  no t  

v i s i b l e  on t h e  graph) .  Besides t h e  g radua l ly  d iminish ing  wave a r i s i n g  a t  

t h e  i n i t i a l  moment, t h e s e  waves a r e  genera ted  i n  t h e  same p l a c e  where t h e  

gas,  e n t e r i n g  t h e  channel a t  moment t = 0, compresses t h e  gas be ing  expel led  

by them, 

2'. Figure 3a i l l u s t r a t e s  t h e  d i s t r i b u t i o n '  of p re s su re  along x  a t  

v a r i o u s  moments i n  t ime f o r  k = 0.5 ,  i . e . ,  f o r  t h e  t r a n s i t i o n  from a  s t a t i o n a r y  

mode with K = K = 0.0906 t o  t h e  mode corresponding t o  K = K = 0.1070 ( t h e  
1 3  /40 

remaining numerical parameters  a r e  a s  i n  lo ,  paragraph 3 ) .  The s h i f t  i n  

t ime A t  = 0.01 along coord ina te  Ax = 0.01, f o r  which s c a l e  of t ime t h e  curves 

a r e  i n d i c a t e d ,  i s  AT = 0.41. The t ime f o r  e s t a b l i s h i n g  t h e  new d i s p e r s i o n  of  

o x i d i z e r  equals  AT. The upper curve i s  t h e  s t a b l e  d i s t r i b u t i o n  of p re s su re  

f o r  K = K and t h e  lower is  f o r  K = K 
1 ' 3 ' 

A f t e r  t h e  change i n  o x i d i z e r  consumption a  simple r a r e f a c t i o n  wave 

s t a r t s  t o  spread  i n  t h e  channel and i s  r e f l e c t e d  i n  t u r n  f i r s t  from t h e  l e f t  

and then  from t h e  r i g h t  boundary. 



In tens ' i ty  of t h e  wave i s  n o t '  

Figure 3 .  

s i g n i f i c a n t ;  temperature and con- 

c e n t r a t i o n  d i s tu rbances  a r e  c a r r i e d  

through wi th  t h e  gas f low.  

Re f l ec t ion  from t h e  boundaries  

t a k e s  p l ace  a s  from a s o l i d  w a l l ,  

i . e . ,  ou t  of phase wi th  t h e  a r r i v i n g  

wave. A s  i n  case  lo a t  t h i s  p o i n t ,  

t h e  r a r e f a c t i o n  wave g radua l ly  

d iminishes ,  and t h e  wave f r o n t  

d i s s i p a t e s .  In  t h i s  c a s e  t h e  wave 

a l s o  i s  dampened because i t  i s  

mechanically u n s t a b l e  and t h e  d i s -  

t r i b u t i o n  of va lues  i n  it become 

i n c r e a s i n g l y  smooth wi th  t h e  passage 

of t ime.  

The temperature behavior  of t h e  

gas a t  t h e  channel end i s  i n t e r e s t i n g .  

Af t e r  t h e  f i r s t  r e f l e c t i o n  of  t h e  

r a r e f a c t i o n  wave from t h e  j e t ,  gas 

temperature f a l l s  below t h e  s t a b l e  va lue  corresponding t o  K = K1, and then  

s t a r t s  t o  i n c r e a s e  s lowly,  approaching t h e  f i n a l  s t a t i o n a r y  d i s t r i b u t i o n  with 

K = K  
3 ' 

I n s o f a r  a s  t r a n s i t o r y  p roces ses  a r e  r e l a t e d  t o  d i spe r s ion  of t h e  shock 

wave ( o r  r a r e f a c t i o n  wave) along t h e  channel ,  i t  i s  c l e a r  t h a t  combustion 

i n  t h e  channel  a l s o  i s  of a  wave form. This  i s  seen from Figure  3b, which 

i l l u s t r a t e s  t h e  i n i t i a l  (K = K ) and f i n a l  (K = K ) d i s t r i b u t i o n  of  mass 
1 3 

v e l o c i t y  o f  combustion m(x) ( t hey  a r e  i n d i c a t e d  by l e t t e r s  a  and b ,  respec-  

t i v e l y ) ,  and a l s o  t h e  ins tan taneous  d i s t r i b u t i o n  of m(x) up t o  t h e  moment o f  

r e f l e c t i o n  of t h e  wave -from t h e  channel en t r ance  f o r  s e v e r a l  moments i n  t ime 

( t ime s c a l e  a s  i n  Figure 3 a ) .  The dot-dash curves correspond t o  wave r e f l e c -  

t io i l s  from t h e  j e t .  Note t h a t  dur ing  s t a b l e  combustion t h e  maximum f u e l  



consumption t akes  p l a c e  a t  t h e  channel i n l e t ,  s i n c e  t h e  behavior  of t h e  

functi.011 m(x) i s  determined by t h e  d i s t r i b u t i o n  of concen t r a t ion  (flow 

changes i n s i g n i f i c a n t l y )  . 
I n  conclusion l e t  u s  examine Figure 4 ,  i n  which t h e  va lue  of p re s su re  

i n  t h e  channel shea r  s e c t i o n  p i s  p l o t t e d  a s  a  func t ion  of t ime ,  Curve 3 2 
r e c o n s t r y c t s  case  lo f o r  t h i s  p o i n t ,  curve 2 f0.r ca se  2",  whi-le curve 1 

i s  f o r  c a s e  k = 1 . 5  ( t r a n s i t i o n  from t h e  s t a b l e  regime wi th  K = K t o  t h e  
1 

regime wi th  K = K ) .  The l a t t e r  case  i s  a s s o c i a t e d  wi th  formation of t h e  ' 
2 

compression wave ( i t s  i n t e n s i t y  i s  Ap/p = 1/20) .  
1 

passage of  t ime and toward t h e  end 

The s c a l e  along t h e  a x i s  of  

t h e  a b s c i s s a  i n  Figure 4 i s  t h e  

fo l lowing:  p o i n t  100 corresponds 

20 t o  t h e  moment t = 41 f o r  curves 1 

and 2, and t = 30.75 f o r  curve 3. 

P re s su re  va lue  along t h e  

of t h e  process  a  smooth t r a n s i t i o n  t o  t h e  f i n a l  s t a b l e  va lue  t akes  p l a c e .  

3.5 

.. 

I n  Figure 4,  t h e  lower dashed l i n e  i s  t h e  f i n a l  s t a t i c  va lue  f o r  curve 

2 ,  t h e  c e n t e r  one f o r  curve 3 ,  and t h e  upper one f o r  curve 1. Ex t r apo la t ing  

- E 5  channel shea r  s e c t i o n  changes 

a b r u p t l y  when t h e  shock wave (o r  
- - - - - - - - - - - - - - - - pfU r a r e f a c t i o n  wave) reaches t h e  j e t .  

curves 1, 2, and 3 t o  t h e  i n t e r s e c t i o n  wi th  t h e  corresponding s t r a i g h t .  l i n e s  , 

2.5.- 5.5 U As t h e  wave dampens, t h e  va lue  of 
0 ,Yo 80 /00 

t h e s e  jumps decreases  wi th  t h e  
F igu re  4. 

we o b t a i n  t h e  p r e c i s e  t ime of  t r a n s i t i o ~ l  t o  t h e  new s t a b l e  regime. For curves 

1 and 2, t l  = 57.40; f o r  curves 3 ,  t l  = 31.36. This  r e s u l t  i s  s u b s t a n t i a l l y  

d i f f e r e n t  from t h e  eva lua ted  time of evacuat ion ( o r  f i l l i n g ) ,  c a l c u l a t e d  by 

s t a b l e  d i s t r i b u t i o n .  Damping time of p re s su re  p u l s a t i o n s  con~pr ises  about 

1 / 3  t h e  t ime of t r a n s i t i o n  t o  t h e  new s t a b l e  regime f o r  curves 1 and 2 and 

1/2 t h e  t r a n s i t i o n  t ime f o r  curve 3 .  



The system of  c a l c u l a t i n g  t r a n s i t o r y  regimes proposed i n  t h e  p re sen t  

work i s  based on suppos i t i on  of a  d i f f u s i o n  mechanism of s o l i d  fue l  combus- 

t i o n ,  which i s  r e a l i z e d  if t h e r e  i s  an abundance of o x i d i z e r  i n  t h e  channel ,  

and t h e  Reynolds number de f in ing  t h e  coil~bustion r a t e  i s  s u f f i  c i e n t l y  sma l l .  

The s p e c i f i c s  of t h i s  c a s e  c o n s i s t  i n  t h e  f a c t  t h a t  t h e  combustion r a t e  does 

no t  depend i n  any d i r e c t  way on p re s su re .  

A s  t h e  Reynolds number i n c r e a s e s ,  accompanied by an i n t e n s i f i c a t i o n  of 

t h e  combustion process ,  more intensj-ve d i s tu rbance  of t h e  gas occurs  i n  e a c h '  

c ros s  s e c t i o n  of t h e  channel ,  and t r a n s i t i o n  from t h e  d i f f u s i o n  regime of  

combustion t o  t h e  k i n e t i c  occurs ,  where t h e  c h a r a c t e r i s t i c  chemical r e a c t i o n  

t ime i s  comparable t o  in te rmixing  t ime.  Combustion r a t e  i n  t h i s  case  is a  

func t ion  of  p re s su re  corresponding t o  k i n e t i c  chemical r e a c t i o n ,  while  t h e  

combustion regime i n  t h e  channel i t s e l f  i s  s i m i l a r  i n  l a r g e  degree t o  com- 

b u s t i o n  i n  a  homogeneous chemical r e a c t o r .  I t  i s  no t  excluded t h a t  t h e  

presence of a  c l e a r  dependence of combustion r a t e  on p r e s s u r e  can be l ed  

t o  occurrence of thermo-kine t ic  v i b r a t i o n s  i n  t h e  channel because of  t h e  

inve r se  r e l a t i o n s h i p  between combustion r a t e  and t h e  gas exhaust througli t h e  

j e t ,  which i s  a l s o  pressure-dependent .  

A supplementary e f f e c t  can a r i s e  when examining r e s t r u c t u r i n g  of t h e  

thermal l a y e r  i n  t h e  s o l i d  subs tance ,  l ead ing  t o  a  change i n  t h e  time of  

e f f e c t i v e  h e a t  of combustion i n  t h e  f u e l .  Cons idera t ion  of t h e  c h a r a c t e r  

of t h e  thermal l a y e r  dur ing  t h e  t r a n s i t o r y  regime i s  a l s o  s u b s t a n t i a l  dur ing  

d i f f u s i o n  combustion when t h e  evacuat ion t ime i s  comparable t o  t h e  r e s t r u c -  

t u r i n g  t ime of t h e  thermal  l a y e r .  This e f f e c t  was no t  considered i n  t h e  

p re sen t  work i n  o r d e r  t o  s imp l i fy  c a l c u l a t i o n .  In  o rde r  f o r  t h e  allowance 

of  t h e  q u a s i s t a b i l i t y  of t h e  thermal l a y e r  t o  be  v ind ica t ed  i n  p r a c t i c e ,  t h e  

capac i ty  of t h e  f u e l  channel must be s u f f i c i e n t l y  h igh;  i n  t h i s  case  t h e  

burned l a y e r  w i l l  have t i n e  t o  fol low t h e  s t a t e  of gas  flow i n  t h e  channel .  

There i s  a l s o  some i n t e r e s t  i n  s o l v i n g  t h e  problem o f  t s a n s i t o r y  

regimes i n  t h e  c a s e  where o x i d i z e r  i s  no t  i n  s u f f i c i e n t  supply i n  t h e  channel .  

Along a  c e r t a i n  l eng th  of channel,  t h e  o x i d i z e r  i s  completely consumed, while  

i n  t h e  remaining p a r t  o f  t h e  channel f u e l  a b l a t i o n  occurs  along with con~bus- 

t i o n ,  under t h e  e f f e c t  of ho t  combustion products .  
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We no te  i n  conclusion t h a t  t h e  system of equatioils ( 2 . 3 )  can be solved 

by or ien t i r lg  a l l  equa t ions  t o  x .  In  t h i s  case  t h e  s o l u t i o n  does not  t a k e  

i n t o  cons ide ra t ion  t h e  gas-dynamic p i c t u r e  of phenolnena having a  s u b s t a n t i a l  

e f f e c t  on average c h a r a c t c r i s t i c s  of t h e  t r a i l s i t o r y  regime. , In p a r t i c u l a r ,  

t h e  va lues  f o r  t ime obtained us ing  t h i s  approach f o r  t r a n s i t i o n  from one 

s t a b l e  regime t o  another  a r e  cons iderably  d i f f e r e n t  from t h e  r e a l  va lues  

obta ined  by numerical i n t e g r a t i o n  of t h e  dyliami'c system of equat ions .  

The au thors  thank L .  A.  Chudov f o r  va luab le  consu l t a t i on .  
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